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Abstract 

We study a family of continued fraction expansion of reals from the 
unit interval. The Perron- Frobenius operator of the transformation which 
generates this expansion under the invariant measure of this transforma- 
tion is given. Using the ergodic behavior of homogeneous random system 
with complete connections associated with this expansion we solve a vari- 
ant of Gauss-Kuzmin problem for this continued fraction expansion. 
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1 Introduction 
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In this section we describe a family of continued fraction expansions different 
from the regular continued fraction expansion for a number x in the unit interval 
I = [0, 1] which has been actually considered in [3]. We give metric properties 
of this continued fraction expansion and we show formulae of probability about 
incomplete quotients. 

Thus, Chan shows that any x € / := [0, 1) can be written in the form 

m -ai(x) 

= [[a 1 (x),a 2 (x),a 3 (x), . . .}} (1.1) 



(m - l)m- a2 ^ 
(m- l)m- a3 ^ 
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where m € N, m > 2 and a n (x) are natural numbers, for any n € N+, where 
N:= {0,1,2,...} andN+ :={1,2,...}. 



*e-mail: lascudan@gmail.com. 



The naturals a n are called the incomplete quotients of x and they are given 
by the relations 



ai(x) 



log a; 1 



x i= 0, 01 (0) = 



log to 

a n (x) = ax (T^\x)) , n G N+, n > 2. 



(1.2) 



(1.3) 



Let Q be the set of all irrational numbers from /. In the case when x € I \ fi, 
we have 

0L n (x) = oo, Vn > k(x) > m, and a n (x) € N, Vn < fc(x). (1-4) 

Therefore, in the rational case, the continued fraction expansion (jl.lj) is finite, 
unlike the irrational case, when we have an infinite number of natural incomplete 
quotients. 

Next, for any to £ N with m > 2, we define on / the shift transformation 
T m as follows: 
Definition 1.1 For x 7^ 0, 



T m (x) := T m ([[ai(x),a 2 (x), . . .]]) = [[o 2 (a;), 03(2:), . 

and for x = 0, T m (0) = 0. 

From (jl.ip and fj 1 . 5[) . for x ^ and to > 2, we have 



(1.5) 



i + (to - i)r m (x) 

Consequently, using (jl.6l) we can write the transformation T m of / as 



(1.6) 



TO logr 



- 1 



TO — 1 



(1.7) 



where |_-J denotes the floor (entire) function. 

It follows from the definitions of T m and a n that for any u> 6 we have 



-0,^(0;) 



hence 



1 + (to - l)T"{u) 

m -ai(w) 



, n e N 



(m - l)TO,- a2 (") 



+ • 



n e N_, 



(1.8) 



(1.9) 



(to - l)m- a "^) 
1 + T^H 



If we set 



[ail] = m 01 , [[01,02]] = 



1 + (to - l)m- a2 



(1.10) 
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and 



[[01,02, • • • , On]] = 



l + (m- l)[[a 2 ,o 3 , ...,a r , 



n>3, 



(1.11) 



then (jl.9j) can be written as 

log(l + (to - l)T m (u)) 



Oi 



oi,o 2 + 



log m 

log(l + (m - 1)2* ( W )) 



log m 



01, o 2 , . . . , a„__i, a„ + 
Definition 1.2 A finite truncation in (|1.1|) . i.e 



log(l + (m - 1)T™( W )) 



logm 



<7n(w) 



= [[ai(w),a 2 (w), . . . ,a„(w)]], n G N H 



(1.12) 



(1.13) 



is called the n-th convergent of ui. 

The integer valued functions sequences (p n )neN and (q n )n£~N can be recur- 
sively defined by the formulae: 

p n (uj) = m°"<ViM+(™-l)™°"- l( V2H,«>2, (1.14) 
q n {oj) = m°»Mg n _i(w) + (m - l)m a - 1 ^g B _ 2 (w), n > 1, (1.15) 

with po(w) = 0, qo(uj) = 1, Pi(w) = 1 and oo(w) = 0, <7_i(w) = 0. 
By induction, it is easy to prove that, for any n € N+, we have 

p n (oj)q n ^(ij)-p n ^(u,)q n (u;) = (-l)"" 1 ^ - i)n-i m «iM+-+«n-iM ) (L16) 
and that 

to" 01 ^ Pn(w) + (to - l)£m an(:a, )p„_i(w) 
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(m - l)m- a2 ^') 



q n (uj) + (to - l)tm Q "(")q„_i(w) 



(1.17) 



(m - 1)to-M") 



1 + (to - l)f 
with t > 0. Now, (ITTT2|) and (fTTT7|) imply that 

p„M + (to - l^Mm'-Wpn-iM 
g„(w) + (to - l)T»HTO a "Mg„_iH 

Using (|1.16[) we obtain 

(to - i)«t^(w)to Qi (")+-+ q "^) 



|cj - w n (w)| 



g n (w) (<?„M + (to - l)T»(w)TO a "(")g„_i(a;)) 



(1.18) 



(1.19) 



At this moment, we are able to assert that this continued fraction expansion is 
convergent, i.e. 



ui = lim [[ai(uj),a 2 (uj), a„(w)]], u) € ft. 



(1.20) 
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Definition 1.3 Let i^ n > — . . . , i n ), i„ € N, rt e N. We will say that 

7 (V Il) ) = e : a fc (u>) = i k , 1 < fc < n} (1.21) 

is the fundamental interval of rank n. We make the convention that 7 (^°^) = 
For example, for any jgN we have 

I (i) = {u> g n : 01 ( W ) = »} = n n ( J^, JL) . (1.22) 

We will write J(ai, . . . ,a„) = I (a^ n '), n £ N+. If n > 2 and i„ € N, then we 
have 

I( ai (u>),...,a n (u;)) = I (<(»)). 

By (|1.18j) we have 

7 (a (n) ) = fi n (u (a (,l) ) , « ) (1-23) 



where 



U (>A = ,„ + (m-l )m «n,„_ 1 , if « IS Odd 

\ / iia. if n is even 

and 

/ , ,\ f 2», if n is odd 

"( a(Tt) H ^tr^I?"-, if. is even. (1-25) 



Also, we have 

p n + (to - l)m a "p»_i _ | [[ai+1]], ifn=l 



g„ + (to - l)TO a "g„_i \ [[ai, ■ ■ ■ ,a„_i,a„ + 1]] , if n > 2, '- 1 ' 26 '* 
and 

A 7 a (n) )) = — i ^ -, 1.27 

V V >> q n (q n + (m- l)m ra »g„_i)' 

where A denotes the Lebesgue measure. 

Now, we dehne the random variables (sn)neN + recursively by 

s„ = TO" a " - 1, si = 0. (1.28) 
q n -i 

Next, (|1.15[) implies that 

(to — l)m~ a " 
1 + s n _i 

hence 

(m — l)™ - " 71 



, n > 2, (1.29) 



(to — l)m a " 



(to - l)[[a„,a„_i,...,a 2 ,oo]], 



(to - l)TO- a3 ( x ) 
1 + (to - 1)to- Q2 ^ 

(1.30) 
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for n > 2. 

The probabilistic structure of the sequence (a n ) nS N + under A is described by 
the equations 

777 — 1 

\( ai =i) = — +r,ieN (1.31) 

777 ' 

and 

A (a n+ i = i\ai, ...,a n ) = Pi(s n ), i € N, n e N+, (1-32) 

where 

P(x) _ (m-l)m-( i+1 )(x + l)(x + m) 

iy ' (x + (m-l)m- i + l)(x + (rn-l)m-( i + 1 ) + 1)' ' v ' ; 

These relations result as consequences of a Broden-Borel-Levy formula type, 
namely 

A (T m < sjoi, ■ ■ ■ , on) = - } S , n ~~TT~~~7T ; xe/,neN + (1.34) 
(s„ + (m — l)x + 1) 

where s„ is defined by (|1.29[) . 

Remark 1.4 The sequence (s n ) n£ N + with si = is an /-valued Markov 
chain [8] on (I,Bi,\) with the following transition mechanism: from state 
s G J \ f2 the possible transitions are to any state mT l /(l + (m — l)s) with 
corresponding transition probability Pi(s), i € N. 



2 Measure preserving transformation 

Let i?/ denote the cr-algebra of Borel subsets of /. The metric point of view 
in studying the sequences (a„)„ e N + is to consider that the a n , n € N+, are 
non-negative integer-valued random variables which are defined almost surely 
on (/, Bi) with respect to any probability measure on Bi that assign probability 
to the set I \ £1 of rationals in /. Such a measure is Lebesgue measure A. 
Another measure on Bi more important than Lebesgue measure, that assign 
probability to the set of rationals in /, is the invariant probability measure j m 
of the shift transformation T m defined by: 

f dx 
^ rn ^ ^ m J A (1 -)- (jn — V)x)(m + (m — l)x) ' I: ^ 

where c m is the normalization constant chosen so that 7m ([0, 1]) = 1, i.e. c m — 

lo°-(mV(2m-l)) ' Jt be 6aSily Checked that lrn(A) = 7 m (T^ 1 (A)) , A € 6/ 

Let us consider now what can be called the natural extension T m of T m , namely, 
the transformation of [0, 1) x I defined by 

— / TO _ai(x ) \ 

T m (x, y) = T m (x), —— — , (x, y) e [0, 1) x /. (2.2) 

V 1 + (771-1)2/7 
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This is a one-to-one transformation of il 2 (the irrationals from I 2 ) with the 
inverse 

, / m -ai(e) \ 

T m (^) = { 1 + {m _ 1)w ,T m{ o)y { .,e)en 2 . 



It is easy to check that for n > 2 we have 



and 



a„(w),a n _i(w), . . . ,a 2 (w),ai(w) + 



(2.3) 

log(l + (m- 1)0) 
logm 



a„(0),a n _i(0), . . . ,a 2 (0),a 1 (6) 



log(l + (m- l)w) 



Now, define i/ie extended measure j m on as 

dxdy 



7m( B ) = c 

A simple calculus show us that 



B (l + (m-l)(x + 2/ ))2 



logm 



B G Bf. 



7 m (A x 7) = 7 m (J x A) = 7rn (A), A G Bj. 



(2.4) 

(2.5) 
(2.6) 

(2.7) 



The result below shows that 7 y m plays with respect to T m the part played by 
7 m with respect to T m . 

Proposition 2.1 The extended measure 7 m is preserved by T m . 

Proof. We should show that 7 y m (^^(B)^ = 7 m (-B) for any B G Sf or, equiv- 

alcntly, since T m is invertible on f2 2 , that 



7m (T m (B)) = 7 m (S) for any B G £ 2 . 
We start with B = (a, b) x (c, d), where 

a = m~ { * % ~ 1 \ b = m~\ ieN 
and c and d arbitrary numbers from (0, 1). Then 

m -«i(*) 



(2.8) 



T m {B) = \jT m (x), 1 + (ml) J k G M), ? y G (c,d) 
Taking x = m"( i+e \ < < 1, we have 



(2.9) 



m 9 - 1 



r TO (z) = -, a^x) = i 

m — 1 



such that 



T ro (£) = (0,1) 



m 



l + (m-l)d' 1 + (to-1)c 



(2.10) 



G 



A simple computation yields 



% n (T m (B)) = / dx 



dy 



(1 + (m- l)(x + y)y 



dx 



dy 



(,+D J c {I + {m - l){x + y))'< 



= l m (B) 



that is, holds. 

Next, we consider the case 



-, b = 



l + (m-l)m-j' 1 + (to- l)m-(J +1 ) 

and (c, c£) an arbitrary interval. Now, with 



i, jeN 



.T = 



we have 



loe 



= <i + 



1 + (to - 1)to-(J+ 9 ) ' 
log (1 + (to - 1)to-W+ 9 )) 1 log (1 + (to - l)TO^+ e )) 



and 



Thus, 



log m 
ai(x) = 



log TO 



log TO 



(to - l)T m (a;) = to ^ 1 = (m - l)m - k'+*). 



Hence, 

T m (fl) = f(TO-^ + 1 ),TO^ 



1 + (to - l)d 1 + (to - l)c 
A straightforward calculation shows us that 



(2.11) 



7 m (T m (x)) 



dx 



dy 



(1 + (to - l)(x + y)) 2 



(i +(m _ij m -o+D) 



(l + (m-l)m-J) 



(1 + (m - l){x + y)) 2 



lm{B) 



that is, (|2.8I) holds. Since any arbitrary interval (a, b) can be written as a reunion 
of fundamental intervals the proof is complete. 
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3 The Perron-Frobenius operator 

In this section we derive the Perron-Frobenius operator of T m under 7,„. Also 
we restrict this operator to the space of functions of bounded variation. 

Let [i be a probability measure on Bi such that fj, (^(A)) = whe never 
fJ,(A) = 0, A G Bi, where the transformation T m is defined in (II. 7[) . In particular, 
this condition is satisfied if T m is /i-preserving, that is, [iT^ 1 = A*- It is known 
from [9] that the Perron-Frobenius operator of T m under \i is defined as 
the bounded linear operator on L\ = {/ : I — > C : L \ f\ dfi < oo} which takes 
/ e L\ into P M / G with 



P^fdti = / /d/x, A G Bj. (3.1) 

In particular, the Perron-Frobenius operator P\ of T m under the Lebesgue mea- 
sure A is 

p\(x) = 4- 1 f dx a - e - in L ( 3 - 2 ) 

dx JTm 1 ([0,!B]) 

Proposition 3.1 The Perron-Frobenius operator P 7m := {7 m of T m under 7 m 
is given a.e. in / by the equation 

U m f(x) = Pi((m - l)x)f( Ui (x)), feL 1 ^, (3.3) 
where Pi is defined in (11.33)) and Ui(x) is given by the equation 

VTl * 

Ui(x) = — — — , x G /. (3.4) 

1 + (m — l)x 

Proof. Let T TO) j denote the restriction of T m to the interval Zj = 
(sffi.irl.ieN. that is ' 

T TOii (a:) = — !— f 1 ) , z G 7*. (3.5) 



m — 1 

For any f £ Lz and any i £ 6/, we have 



fefym = V" / /^7m = I fdj m - (3.6) 

For any jg N, by the change of variable 

X = T '- (y)= l + (I-l) y ' (37) 
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we successively obtain 

f<h m = c [ — — tJ-tt- , / TV^ dx 

T -\(A) Jt-^a) I 1 + ( m - l)aO(m + (m - l)a?) 

/(«*(»)) 



(1 + (m - l)ui{y)) (m + (m- 
(to — 1)to - ' 

X (l + ( m -l)j / )2 dj ' 

/K(y))(TO-l)TO-( l+1 '- ' 



^4 ((to — l)y + (to — l)m * + 1) 

((to - l)y + (to - l)m-( i+1 ) + l) 
c[ Pi((m-l)y)f(ui(y)) lm (dy). (3.8) 



Now, (031) follows from (031) and ipT8|) . 

Proposition 3.2 Let fi be a probability measure on Assume that /i is 
absolutely continuous with respect to A (and denote /i << A, i.e. if (i(A) = 
for every set A for which X(A) = 0) and let h = d/i/dX. Then 

for any n £ N and A S Bi, where f(x) = (1 + (to — l)x)(m + (to — l)x)h(x), 
x £ I. 

Proof. We will use mathematical induction. For n = 0, the equation (j3.9[) is 
reduced to 

fi(A) = / h(x)dx, A £ Bj, 

J A 

which is obviously true. Assume that Q3.9P holds for some n £ N. Then 
M (r m (" +1 )(A)) = n(T m -{T~\A))) 



-dx 



1 



'Tm 1 (A) (1 + (to — l)x)(m + (m — l)x) 

By the very definition of the Perron-Frobenius operator U m = P 7m we have 

U^fd lm = [ U^ +1 fd lm . 

T^{A) J A 

Therefore, 



Jt-^\a)) = ±f\ 

v ' c m J A 



U - lf ^ -dx 



A {1+ (to — l)x)(m + (to — 
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which ends the proof. 

In the sequel we shall restrict the Perron- Frobenius operator U to BV(I) 
the linear space of all complex-valued functions of bounded variation. Let B(I) 
denote the Banach space of bounded measurable complex- valued functions / on 
I under the supremum norm 

|/|=sup|/(x)|. (3.10) 

x£l 

The variation var^/ over A C / of a function / € B(I) is defined as 

fc-i 

sup ^1/(^-/(^-1) | (3.11) 

i=l 

the supremum being taken over all points t\ < . . . < tk in A, for fc > 2. We 
write simply var/ for var//, and if var/ < 00, then / is called a function of 
bounded variation. Note that under the norm ||/|| y = |/| + var/, / e BV(I), 
the linear space BV{I) is a commutative Banach algebra with unit. 
Proposition 3.3 If / e BV(I) is a real-valued function, then 

var U m f < K m v&r /, (3.12) 

where K m — (" "^f?" ^ , 3m+ .9 . The constant cannot be lowered. 
Proof. For i,y€ I we have 



= £(Pi((m - l)x - Pi((m - l)y)(f( Ui (x)) - f(u (x))) 
ieN 

+ ^ Pi((m - l)y(/K(x)) - /My))) 
ieN 

= J] (P,((m - l)x - P,((m - l)y)(f( Ui (x)) - f(u (x))) 

ieN + 

+ P i(( m - m(f«x)) - f( Ui (y))). 
ieN 

Note that the function P$ is increasing, while the functions Pj, i € N + , are all 
decreasing. Let x < y, with x,y £ I. It follows from the above equation that 

icwte) - tfm/(y)i < J2 ( p ^ m - 1 > - p ^ m - Vv) J var / 

\ 4 eN+ / 

+ sup Pj((m- l)y) y^vax^ytf o Ui{x) 
ye/,i£N ieN 

= (1 - P ((m - l)x) - 1 + P ((m - l)y))var / 

+P (m - 1) ^ 

var [x,j/]/ «»(#)■ 

ieN 



10 



Hence 

var U m f < (2P (m - 1) - P o (0))var/ = ( 2 ™ { ™ - ^ - ^—^) var / 

\ m z + m — 1 2m — 1 J 

(to - 1) (3m 2 - 3m + l) 

(2m — 1) (m 2 + m — 1) 

For / defined by f(x) = 0, < x < ±, and /(a;) = 1, ^ < ar < 1, we 
have U m f(x) = Pq(x), < x < 1 and U m f(l) = 0. Since var f/ m / = 

(m— l)(3m 2 - 3m+l) r ^ 

(2m-i)(m 2 +m-i) anc * var J = ' " i°fi° ws tnat the constant iv TO cannot be 
lowered. 



4 The ergodic behaviour of the RSCC 

Proposition 4.1 The function P(x,i) — Pi(x) from ()1.33|) defines a transition 
probability function from (I,Bi) to (N, 'P(N)) . 
Proof. We have to verify that 

P(%, i) = 1, for all 16/. (4.1) 

Since 

(x + l)(x + m) 



P(x,i) 



m — 1 \a;+ (m, — l)m + 1 a; + (m — l)m 1 + 1 



then it is an easy task to show that J2i>o P{ x i *) = 

Proposition 4.1 allows us to consider the random system with complete con- 
nections (RSCC) [8] 

((/,B / ),(N + ,P(N+)),«,P), (4.2) 
where P is Pi defined in (11.330 , while u : / x N 1 is Ui given by 

vn~ l 

«i(aO = T— 7 TV' x e 7 - ( 4 ' 3 ) 

1 + (m — l)x 



We denote by U m the associated Markov operator of the RSCC (|4.2[) with the 
transition probability function Q m . 

In this section we study the ergodic behaviour of RSCC (|4.2j) . The ergodic 
behaviour of the RSCC (|4.2I) allows us to find the limiting distribution function 
F = Fqo and the invariant measure induced by F . To study the ergodicity of the 
RSCC (|4.2[) . we consider the norm defined on L(I) (- the space of Lipshitz 
real-functions defined on I) by 

\\f\\ L = sup l/(:r)i+ sup l/( fj"y ]l , /£!(/). (4.4) 

leg/ x'^x" X \ 
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Proposition 4.2 The RSCC (|4.2j) is an RSCC with contraction and its associ- 
ated Markov operator U m is regular with respect to L(I). 
Proof. We have 



dx 



u(x, i) 



(to — l)m 



and 



(1 + (to - l)x) 21 
2(to — l)x + to + 1 2(m — 1).t + to + 1 



—P(x i) = - 

dx v ' ' (to - l)as + (to - 1)to-(' 1+1 ) + 1 (to - 1)2; + (m - 1)to- 1 + 1 
((to — 1)2; + 1)((to — l)x + to) ((to — + 1)((to — l)x + to) 



_ ((to — l)a; + (to — 1)to + l) 2 ((to — l)x + (to — l)m 1 + l) 2 

for any x £ I and igN. Therefore 



sup 



(m — l)m 4 , sup 



< 00. 



It follows that i?i < 00 and r\ < 00, that is, the requirements of definition of 
an RSCC with contraction are fulfiled (Definition 3.1.15 in [8]). To prove the 
regularity of U m with respect to L(I), define the recurrence relation x n +i = 
- 1 2 , n G N, with xq — x. A criterion of regularity is expressed in Theorem 
3.2.13 in [8], in terms of supports o~ n {x) of the n-step transition probability 
functions Q n (x, •), n G N + . Clearly x n +\ G o"i(x n ) and therefore Lemma 3.2.14 
in [8] and an induction argument lead us to the conclusion that x n G o~ n (x), 
n G N + . But, lim„_ ! . 00 x n — \/2 — 1 for any x G I. Hence 



d(a n (x),V2- l) < x n -V2-l 



0, n 



00, 



where d(x, y) — \x — y\, for any x,y € I. The regularity of J7 m with respect to 
L(I) follows from Theorem 3.2.13 in [8]. 

If the transition probability function of the associated Markov operator Q m 
is give by 

Q m {x,A)= p i( x )> xeI,AeB z . (4.5) 

{i£N:Ui(x)<EA} 

then the n-step transition probability function Q m (-, •) converges uniformly to 
a probability measure Qm an d that there exist two positive constants q < 1 and 
k such that 



Wlf - U%f\\ L < kq n \\f\\ L , n G N + , / G L(I), 



where 



EC/0 



/(y)Q m (-,dy), e/~/ = / f(y)Q%(dy) 



(4.6) 



(4.7) 



Proposition 4.3 The invariant probability measure of the transformation 



T m has the the density p m (x) 



(l-\-(m — l)x)(m-\-(m — l)x) ' 



x £ I, with the normal- 



izing factor c„ 



(m-1) 2 



log(m 2 /(2m-l)) ' 
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Proof. On account of the uniqueness of we have to show that 



/ Q m (x,A)Q%(dx) = Q%(A), AeBj. 
Jo 



(4.8) 



Since the intervals [0, u) C [0, 1) generate Bi, it is sufficient to check the equation 
just for A = [0, u), < u < 1. Let 



log u((m — l)x + 1) 
log to -1 



1. 



E(x, m) 
Now, from (|4.5[) . we have 

Q m (x,[0,u)) = p i( x )= P ^ 

{iSN:0<«i(x)<ji} i>E(x,m) 

(x + l)(x + m) / 1 1 



(4.9) 



m — 1 



so that, 



Q m (x, [0,u))p m (x)dx 



x+1 x + m -E{x,m) + i 



m((m -l)u+l) ^.oo /rn ^ 
Iok^ tt 1 = Q~([0,u)). 



(m — l) 2 (m — l)u + m 



5 The Gauss-Kuzmin type theorem 

Our aim is to prove a Gauss-Kuzmin type theorem for this new expansion. 
The ergodic behaviour of the RSCC introduced in §4 allows us to obtain a 
convergence rate result. 

The Gauss-Kuzmin type theorem shows the limiting distribution function 



Fix) = F 00 (x) = lim fi (T™ < x) 



(5.1) 



Theorem 5.1 (Gauss-Kuzmin type theorem) If the density Fq of \l is a Riemann 
integrable function, then 



lim /x(T™ <x) 



m((m — l)x + 1) 
log^ -r^ -, x£l. 



(m — l) 2 (m — l)x + to ' 



(5.2) 



If the density of // is a Lipschitz function, then there exist two positive 
constants q < 1 and k such that for all x € I and n € N + 



MCC<z) 



^(l + ^)log m((m " 1)3:+1) 



(to — 1 



(to — l)a; + to 



(5.3) 



where = 9(fi,n,x), with |0| < fc. 

Proo/. Let Fq G L{I). Then / e L(7) and by the virtue of (f¥77|) we have 



£C/o = J fo(v)Q%(dx) = J F^(x)dx = c 



(5.4) 
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According to 



there exist two constants q < 1 and k such that 
Oo = tC/o + ^/ , neN+ 



(5.5) 



with ||T»/ ||i < fcg». 

Further, consider C(J) the metric space of real continuous functions defined on 
/ with the supremum norm ||/|| = sup^gj |/(^)|- Since L(I) is a dense subset 
of C(J) we have 

lim K/oll = 0, (5.6) 

n— f oo 

for fo E C(I). Therefore, (15.61) is valid for a measurable function fo which 
is Q^-almost surely continuous, that is, for a Riemann-integrable function /q. 
Thus, we have 



\imp(T™<x) = lim / U™J a (u)p(u)du 
°° Jo 

U™f (u)p(u)du 
p(u)du 



lot 



(to — l)u + 1 



(m — l) 2 (to — l)u + to 



(to — !)• 



lo. 



to((to — l)a; + 1) 
(m — l)x + m 



Hence the statement is proved. 
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